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A LIMIT THEOREM FOR MOMENTS IN SPACE OF THE 
INCREMENTS OF BROWNIAN LOCAL TIME 

SIMON CAMPESE 


Abstract. We proof a limit theorem for moments in space of the incre¬ 
ments of Brownian local time. As special cases for the second and third 
moments, previous results by Chen et al. (Ann. Prob. 38, 2010, no. 1) 
and Rosen (Stoch. Dyn. 11, 2011, no. 1), which were later reproven by 
Hu and Nualart (Electron. Commun. Probab. 14, 2009; Electron. Com- 
mun. Probab. 15, 2010) and Rosen (Seminaire de Probability XLIII, 
Springer, 2011) are included. Furthermore, a conjecture of Rosen for 
the fourth moment is settled. In comparison to the previous methods 
of proof, we follow a fundamentally different approach by exclusively 
working in the space variable of the Brownian local time, which allows 
to give a unified argument for arbitrary orders. The main ingredients 
are Perkins’ semimartingale decomposition, the Kailath-Segall identity 
and an asymptotic Ray-Knight Theorem by Pitman and Yor. 


1. Introduction 


Let (Lf) be the local time of Brownian motion. In [CLMRIO], motivated 
by the form of a Hamiltonian in a certain polymer model, Chen et al. proved 
that 

(1, ^ (£ (rr 4/..) A0 £(U)^dxz, 


where Z is a standard Gaussian random variable which is independent of 

{Lf)x£R and denotes convergence in distribution. This can be seen as a 
central limit theorem, as it was also shown in the aforementioned reference 
that 


E 



Ath + 0{h^). 


Note that up to a constant, the limit on the right hand side equals in law 
Lf d Wx, where IT is a two-sided Brownian motion which is independent 
of {Lf)x£R. As was pointed out in [CLMRIO], this integral, when interpreted 
as a process in t, is known as “Brownian motion in Brownian scenery” and 
also appears as a limit in several applications, for example when modelling 
self-interacting random walks (see [KS79]) or charged polymers (see [Che08, 
CK09]). 
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The proof of (1) was realised by the method of moments, and two different 
ones were subsequently given by Rosen in [Rosllb], using stochastic calculus 
and Brownian self-intersection local times, and Hu and Nualart in [HN09], 
using Malliavin calculus and Pitman and Yor’s asymptotic version of the 
Ray-Knight theorem (see [PY86]). Later, in [Roslla], Rosen, again using 
the method of moments, proved a central limit theorem for the third power, 
which reads 

with Z as above. For this case as well, a Malliavin calculus proof was pro¬ 
vided by Hu and Nualart in [HNIO]. Unfortunately, as Rosen mentions 
in [Roslla], his proof via the method of moments will not work for powers 
higher than three. It yields, however, the following conjecture^ 

Conjecture 1.1 (Rosen, [Roslla]). Writing ~ Lf, it holds 

that 

A^Lf)"dx-24h (A^Lf)'Lfdx 

/ oo i-oo \ /994I fOO 

mfdx- / (A^Lf)Lfdx 4 W— / (Lf)4dxZ, 

00 J—00 j V ^ J—00 

where Z ~ AA(0,1), independent of (Lf )a;gR. 

Though the techniques are clearly different, all aforementioned proofs ap¬ 
proach the problem through the time domain (the variable t). For example, 
in Rosen’s method of moments proofs, intersection local times of the type 
JZo dx are considered, where Lf is the local time of another Brown¬ 
ian motion, independent of the one driving Lf, and in the Malliavin calculus 
approach of Hu and Nualart the quantity dx is expressed as a 

stochastic integral indexed by t. In this paper, we take a fundamentally dif¬ 
ferent approach and exclusively work in space (the variable x), which seems 
to be more natural for the problem at hand. This allows us to prove the 
following limit theorem for arbitrary integer powers q. 

Theorem 1.2. For integers q > 2 it holds that 

(4) ^ " - Lf) ' d X + ^ c, (Lf dxZ, 

where Z is a standard Gaussian random variable, independent of {Lf)x£R, 
the random variable Rq^h is given by 

R,,h = iz - Lf ) (4 Lfdu^ d X 



L 


x+h 


-Lf] dx4 W192 


{L-fdxZ, 


^The rightmost integral in the numerator of (3) was typeset as -l-48h'^ — 

(AjZ/f)Lf dx in the original reference [Roslla]. In the statement of Conjecture 1.1, the 
author corrected this in a way that seemed the most reasonable at the time of writing. 
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and the constants are defined as 


( 5 ) 


^q,k — 


2’^kl{q-2k)l 


and 


1 2 ^ 1 + 1 ^! 

ITT' 


It will be shown later that R 2 ,h = 4/it and = 0) so that for r = 0, the 
known central limit theorems (1) and (2), corresponding to g = 2 and q = 3, 
respectively, are included as special cases. Moreover, for (? = 4, Theorem 1.2 
proves Rosen’s Conjecture 1.1 (with a slightly different compensator; see 
Remark 4.3 for details). Starting from q = 4, however, the compensator 
term Rq^h becomes random and (4) thus no longer states a central limit 
theorem. To remedy the situation, one would have to prove that Rq^h be 
replaced by its expectation. Unfortunately, we have to leave this problem for 
further research and again refer to Remark 4.3 for a more detailed discussion 
of this point. 

Our approach allows for generalizations in several directions. For example, 
as we never touch the time variable t in our proofs, it can be replaced with 
a suitable stopping time r (see Theorem 4.5). 

The proof of Theorem 1.2 can roughly be sketched as follows. The starting 
point is the semimartingale decomposition of Browian local time in space, 
first proven by Perkins in his celebrated paper [Per82] and subsequently re¬ 
fined by Jeulin in [Jeu85]). Decomposing Lf into its martingale and finite 
variaton part Mx and 14 ) respectively (where we have suppressed the de¬ 
pendence on t for better legibility), some careful stochastic analysis yields 
that 

/ OO /* oo 

(lT^-lTTx^ / {Mx+h-Mx^dx. 

-OO ^ ' J —oo 

From here, through an iterative application of the Kailath-Segall formula 
(see [SK76]), the leading term of the integral on the right hand side turns out 
to be a certain iterated integral, whose limit can be obtained by Pitman and 
Yor’s asymptotic Ray-Knight Theorem (see [PY86]). This asymptotic Ray- 
Knight Theorem was also used by Hu and Nualart in [HN09] and [HNIO] for 
their Malliavin calculus proofs, with the notable difference that in their case 
the Dambis-Dubins-Schwarz Brownian motion comes from a time change, 
while we obtain it through a space change. 

The rest of this paper is organized as follows. In Section 2, we introduce 
some results from the literature and fix the notation which is used through¬ 
out this paper. In Section 3, several crucial types of iterated integrals are 
introduced, including a rather technical analysis of their asymptotics. The 
proofs of Theorem 1.2 and several generalizations are provided in Section 4. 


2. Preliminaries and notation 

In the sequel we will deal with stochastic integrals of the form 44 d 

where {Mu)u>-oo is a continuous martingale. In general, constructing such 
stochastic integrals is a very delicate task, which, to the best knowledge of 
the author, has only recently been treated rigorously and in full generality by 
Basse-O’Connor, Graversen and Pedersen in [BOGPIO] and [BOGP14]. For 
example, an application of Doob’s backward martingale convergence theo¬ 
rem (see for example [Doo90, p. 328, Thm. 4.2]) shows that two sided 
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Browian motion can neither be a martingale, nor a local martingale in any 
filtration and thus can not be integrated against in the classical way. To 
overcome this problem, one can introduce the notion of increment martin¬ 
gale (see [BOGPIO]). 

However, in this paper all processes of the form {Xu)u>-oo vanish at —oo, 
so that stochastic integration can be defined in the classical way, starting 
from simple processes and building up to semimartingales, as for example 
outlined in the monographs [RY99, KS91, Jac79, RW94, RWOO]. Due to 
the finite limit at — oo, the usual index interval [0,oo) can be replaced by 
{— 00 } U M and all tools from standard textbook martingale theory, such as 
Ito’s formula, the Burkholder-Davis-Gundy inequality etc. remain valid. 

Let us define several classical spaces of martingales and integrators. We 
set Hq to be the space of L^-bounded continuous martingales indexed by 
[— 00 , 00 ) and vanishing at — 00 . Given M G Hq, the Hilbert space L?‘{M) 
consists of all (equivalence classes of) progressively measurable processes 
{Yx)x>-oo such that 


y\\M = ^ 



< 00 , 


where as usual (M)^ denotes the quadratic variation of M. A continuous 
local martingale M belongs to if its localized version is an element 

of Hq and, given a continuous local martingale M = {Mx)x>-ooi the space 
contains all progressively measurable processes Y such that 


E 



< 00 


for a sequence (T^) of stopping times increasing to infinity. We will make 
frequent use of the following result from stochastic analysis. 


Theorem 2.1 (Stochastic Fubini Theorem). Let {A, A) he a measurable 
space, pL be aa-finite, measure on A and denote byV the predictable a-algebra 
on [-oo,oo)xD. Furthermore, let {M)x>-oo G and {Xa,x)a&A,x&[-oo,oo) 

be a continuous, A®V-measurable stochastic process indexed by Ax [— 00 , 00 ) 
which is fi-integrable and assume that 


( 6 ) 


E 


Xln{da)d{M,M)l- 


< 00 , 


where {Tn)n>i is a sequence of localizing stopping times for M. Then, for 
all X G [— 00 , 00 ), 


(7) 


f I 

J —OO J A 


XaM<ia)dM^=- 



-Ya,u d /4(d n) 


In particular, the double integral on the right hand side exists. 


Proof. A proof for semimartingales indexed by [0, 00 ] can for example be 
found in [Pro04, Gh. IV, Thm. 64]. The adaptation to our setting is 
straightforward. □ 


As already indicated, we also need (a slightly generalized version of) the 
asymptotic Ray-Knight Theorem by Pitman and Yor (see [PY86] or the 
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textbook [RY99, Ch. XIII, Thm. 2.3]). Again, adapting the original proof 
is straightforward. 

Theorem 2.2 (Asymptotic Ray-Knight Theorem, [PY86]). For k > 2 and 
n > 1 define a sequenee ..., MJ}^) of k-tuples of continuous local 

martingales {M^^)x>-oo £ loc that for fixed j = 1,... ,k the limit 
( M^, Mf' \ is either infinite for all n, or finite for all n. After possibly en- 
larging the underlying probability space, each M” posesses a Dambis-Dubins- 
Schwarz Brownian motion /3^ and an associated time change TJ’{y), such 
that 


( 8 ) 




jAfiy) 


= /?: 


n 

’j>y 


for y > 0 and 1 < j < k (for a proof, see for example [RY99, Ch. V, Thm. 
1.7]). If for a > 0 and 1 < i, j < k with i j 


(9) sup |(M”,M”)a;|0, (n-^oo) 

OD,a] 


in probability, then the k-dimensional process fiy = fi 2 ,y^ ■ ■ ■ i f^k y)y>0 

converges in distribution to a k-dimensional Brownian motion {/3y)y>o. 


Let us now collect some of the results from Perkins’ celebrated paper [Per82]. 


Theorem 2.3 ([Per82]). For any t > 0 there exists a right continuous filtra¬ 
tion {Gx)xeR such that x Lf is a continuous Qx-semimartingale on M with 
quadratic variation 4 du. Furthermore, if Lf = Mf^x + 

is its canonical decomposition, then it holds for any p > 1 that 

/ OO /•OD 

|At,a;|dx<oo and / ||At,a;||pdx < oo, 

-OD J —OO 

where = sup^g® |Lf |. 


As a corollary of Theorem 2.3 we get the following explicit semimartingale 
decomposition (see [Jeu85, Ch. II] for several extensions). 


Corollary 2.4. In the setting of Theorem 2.3, there exists a Gx-Browian 
motion {/3x)xe'M., such that 


( 10 ) 


+ 2 ^/Lfdfiu + fo At,udu ifx>0 
L? - 2 ^/Tfdfiu - fx At,udu ifx<0. 


In fact, as the next Lemma shows, the integrability property of the L^- 
norms of the finite variation kernel At^x are also true for the local time itself. 


Lemma 2.5. For p > 1 and a > 0, it holds that 


( 11 ) 


\Lf\\pdx < OO. 


Proof. For t = 0 the assertion is trivial. If t > 0, we have by scaling that 


\L 


-11 = 


Thus, through a change of variables in the inte¬ 


gral (11), we can and do assume without loss of generality that t = 1. 
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Furthermore, if B denotes the underlying Brownian motion, we see that 
||Lf^||p = ||L^^||^, as —B has the same law as B. Thus, 

/ OD POD 

\\Lf\\;dx = 2 / \\Lf\\;dx. 

-oo J 0 

In [Tak95], it is proved that 

9 / POO \ 1/p 

for X > 0, which implies that there exist positive constants a, /3 and xq > 1, 
such that 

||Lf 11; < ae-^"^ 

for all X > Xo- Consequently, 

POO pxq poo 

/ ||L?rdx= / ||Lfrdx+/ ||L?rdx<oo. 

Jo Jo Jxo 

□ 


3. The iterated integrals Iq, Jq and Kq 

In this section, we define and study three types of iterated integrals, two 
of them, namely Iq and Jq, stochastic, the third one deterministic with a 
random kernel. As already indicated in the introduction, these integrals will 
appear later through the Kailath-Segall formula. 

Definition 3.1. Let {Mu)u>-oo G i^o.ioc ^nd {Y{u))u>-oo G For 

g > 0, and —00 < xi < X 2 , the iterated integrals Iq, Jq and Kq are defined 
as follows. 

rx2 

(12) /o(a:i,T 2 ) = 1, Iq+l{xi,X 2 )= Iq{u) d Mu, 

J X\ 

(13) 

rx2 

Jo(y',Xl,X2) = T(x2), Jq+l{Y,Xl,X2) = Jq{Y, Xl, X 2 ) d Mu, 

J X\ 

(14) 

rx2 

Ko{Y,Xl,X2)=Y{x2), Kq+i{Y, Xl,X2)= / Kq{Y,xuu)d{M,M)^. 

J X\ 

If Xl = — 00 , we drop it from the arguments, so that Iq{—oo,X 2 ) be¬ 
comes Iq{x 2 ), JqiY, — 00 , X 2 ) becomes Jq{Yd, X 2 ) and Kq{Y, — 00 , X 2 ) becomes 
Kq{Y,X2). 

As Iq{xi,X 2 ) = Jq(l,xi,X 2 ), the definition of Iq is redundant. We have 
included it to improve the readability of subsequent results. Observe that 
for any integer q > the integrals Iq and Jq are elements of F^oioc 
following is a consequence of the main findings in [SK76]. 

Proposition 3.2. For xi > — 00 , define the martingale {Mx 2 )x 2 >xi by 
Mx 2 = Li(xi,X 2 ). Then, for q >2, the Kailath-Segall identity 

(15) 


qIq{xi,X2) = Iq-l{xi,X2)Mx2 “ Iq-2{xi,X2) {M, M) 
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holds. Furthermore, we have for q > 1 that 

(16) qll,{xux2) = (M, . 

k=0 

Here, Hn{x,a) = a'^^'^Hn{xjy/a), where Hn{x) = denotes the 

nth Hermite polynomial and the constants Oq^k o-xe the Bessel of numbers of 
the second kind, given by 

^ 2^k\{q-2k)V 

Proof. The identity Hn{x)' = nHn-i{x) and the recursion formula 

Hn{x) = xHn-l{x) - Hn-l{x)' = xHn-l{x) - (n - l)Hn-- 2 {x), 

which are both well-known (see for example [Sze75, p. 106]) and follow 
inductively from the definition, imply that 

(18) Hn{x, a) = xHn-i{x, a) - {n- l)aHn- 2 {x, a). 


and also that 


\ 2 dx"^ ^ dt) 


Hn{x,a) = 0 


and 


A 

dx 


Hr, = nHr,- 


n—1 • 


Thus (see for example [RY99, ch. IV, prop. 3.8]), Hn{Mx, {M, M)^) is a 
martingale and satisfies the recursion 

Hr,{Mx,{M,M)J = n r Hn-i{Mu,{M,M)^)dMu, 

J — OO 

which inductively implies that 

(19) q\Iq{xi,X2) = Hq{Mx„{M,M)^^). 

Together with (18), the Kailath-Segall formula (15) follows. Identity (16) is 
a consequence of (19) as well, together with the well-known formula (see for 
example [Sze75, p. 106]) 


LfJ 

k=0 

which translates into 


L!J 

Hq{x,a) = 

k=0 


□ 


Remark 3.3. 

(i) As indicated in the proof, the Bessel numbers Og^k the coefficients 
of the Hermite polynomials. The first few values of for q,k > 1 
(note that = 1) are given in the table below. 
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q\k 

1 

2 

3 

4 

1 





2 

1 




3 

3 




4 

6 

3 



5 

10 

15 



6 

15 

45 

15 


7 

21 

105 

105 


8 

28 

210 

420 

105 

9 

36 

378 

1260 

945 


The third row for example translates into 
3!l3 = If - 3Ii (M) 
and row eigth shows that 

8!/8 = if - 28/f (M) + 210Ii^ {Mf - A20lf {Alf + 105 (M)^ . 

(ii) The Kailath-Segall identity (15) continues to hold verbatim for contin¬ 
uous semimartingales. For general semimartingales it involves higher- 
order variations (see [SK76]). 

The following lemma gives an analogue of the Burkholder-Davis-Gundy 
inequality for the iterated integrals. 

Lemma 3.4 ([CK91]). Let {Mx)x>-oo £ Hq loc- for the iterated inte¬ 

grals Iq defined with respect to M , we have that 

Ap,q " <\\Iq{x)\\ < Bp, q (M, , 

pq ^ pq 

where the left hand side holds for p > 1, the right hand side for p > 1 and 
Ap,q, Bp,q denote positive eonstants depending on p and q. 

The proof, which was originially given for martingales indexed by [0, oo) 
and continues to work in our framework, uses the Kailath-Segall identity. 
The constants Ap,q and Bp,q can be computed explicitly, decay in q and are 
sharp in a certain sense (none of these facts are needed here, see [CK91] 
for details). Unfortunately, the approach can not be adapted to cover the 
iterated integrals Jq or Kq, but nevertheless, as the next Lemma shows, we 
can derive rather tight upper bounds which suffice for our purposes. 

Lemma 3.5. Let Jq and Kq he the iterated integrals as defined above with 
respect to the loeal martingale part Mx of the loeal time Lf. Then, for two 
real numbers xi < X 2 , an integrable eontinuous process (^tt)Me[a;i,a; 2 ]; P ^ 1 
and any integer q >0, it holds that 

(20) \\Jq{X,Xl,X2)\\p<Cp{x2-Xl)2\\Ll\\lil sup \\Xu\\2,ip 

U&{xi,X 2 ) 

and 

(21) \\Kq{X,Xl,X2)\\p<{x2-Xiy\\Ll\\l,lp sup \\Xu\\2<ip, 

ue(xi,x2) 

where Cp denotes a positive constant and L^ = sup,j.g]g \ Lt\- 
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Proof. We assume throughout the proof that p> 2. The general case follows 
a posteriori as the L^-norms with respect to a finite measure are increasing in 
p. Furthermore, the constant Cp might change from line to line. For q = 0, 
both inequalities are trivially satisfied. Inductively, for q > 1, Burkholder- 
Davis-Gundy yields that 


\Jq{X,XuX2)\\p = 


rx2 

/ Jq-l{X,Xl,u)dM^ 

J X^ 

{^j Jq-liX^Xl^ufLfdv^ 
By Jensen’s inequality, the above is less than or equal to 


<Cp 


1/2 


r*2 


Cp(a:2-xi)i/2-i/p / E \j^_^{^x,xi,u)\^ 


' Xi 


d u 


i/p 


and by Cauchy-Schwarz and the induction hypothesis, this can further be 
bounded by 


/ fX2 \ i/p 

Cp{x2-xi)^/^-^/P^J \\Jq.i{X,xi,u)\\PjLnfduj 

< C'p(x 2 ||L*||y2 sup \\Xu\\ 2 ,p- 

ue(xi,x2) 

Together with the monotonicity of the norms with respect to a finite 
measure, this proves inequality (20). To show (21), apply Jensen’s inequality 
to obtain 


\Kq{X,Xl,X2)L = 


fX2 

/ Kq_,{X,xi,u)Lfdu 

J Xl 

< {X 2 - Xif 

and then again use Cauchy-Schwarz and the induction hypothesis. □ 


n1- 


fX 2 \ 1/P 

/ E[\Kq_,{X,xi,u)Lf\P]du 

' X\ 


We now turn to the proof of two crucial technical Lemmas. 

Lemma 3.6. For an integer q > 2, let Jq-i he the iterated integral de¬ 
fined with respect to the local martingale part of the local time Lf. Fur¬ 
thermore, let (Tr)xelR 0 , uniformly bounded continuous stochastic process 
adapted to {Lf)x£M. o-nd define Xu{v) = f Yxdx. Then, for any xq GM it 
holds that 


(22) E 




/: 




0. 
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Proof. Throughout the proof, C and Cp denote positive constants, the latter 
depending on p, which might change from line to line. We have that 


^(q+l)/2 / Jq{^u-h:U h,u)L^du 


hiq+l)/2 J_^ 


Jq-i{Xu-h,u - h,u)Lf ^du 


/j(g+l)/2 J 


Jg.iiXu-h,u- h,u) (if - du. 


In two separate steps, we show that the supremum of each of the two integrals 
in the sum (23) converges to zero in L^. 

Step 1. An iterated application of the stochastic Fubini theorem, justified 
by Lemma 3.5, yields that 

(24) f Jq_i{Xui-h,ui - h,ui)Lf^~^ dui 


Jq—2 (-^'U 2 —/i? ^2 hj 'U 2 ) d 


where 


^U2 — h^x—h{'^q) 


(^UqA{x — h) pUq 


f U 2 — h J Ui 


ddtii* 


Note that for Uq E {u 2 — h^U 2 ) it holds that 

^U2 — h,x—h(^'^q) ^ Ch 

and thus, by Lemma 3.5, 

(25) \\jq{Xu,-h,x-h,n 2 -h,U 2 )\\ < Cph^/^+^ WLlWlil 


Abbreviating Xu 2 -h,x-h by X, we use identity (24), Burkholder-Davis-Gundy 
and the deterministic Fubini theorem to obtain 

/ X 

Jq_i(X„^_/i,ui - dui 

— - 2 

(26) = sup f Jq- 2 {X,U 2 - h,U 2 )dMu 2 

x^xq j—OO 2 


Jq-2{X,U2 - h,U2)‘^Lf^ dU2 


I ~ l|2 

Jg_2(X,tt2 - /l,U2) ||L“2||2dtt2 ) 


and using (25), we can continue to write 

poo 

(27) <C/l(''+2)/2||^*||5/2+r- / ||2.-2||^dn2. 

J —OO 

Step 2. Before treating the second integral of (23), note that 

(28) |X„(r;)| = I / Y^dx <C{v-u) 
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and thus, by Lemma 3.5, 

(29) h,u)\\^ < C'p/i'?/2+i 

By Cauchy-Schwarz, it holds that 


< 


Jq_i{Xu_h,u- h,u) (l^ - d 

•*00 

Jq—\ (^Xy^—fi^ U /l, 'll) d U 


’ —oo 
roo 


U 

1/2 




u—h 


— hi Jq—\(^Xii^—}ijU h^uj dll 


J —oo 

1/2 / I'oo 

h 


2 \ V2 

dll 


Lt-L, 


U—h 


2 \ 1/2 

dll 


Taking supremum and expectation and applying Cauchy-Schwarz once again 
yields 


(30) E 


sup 

\_x<xo 


Jq-i{Xu-h, u-h,u) (lJ* - Lrdu 

oo -|l/2 


< /i^/2 E 


Jq-l {Xu-h, u-h,uydu 

1 


E 


h 


Lr - Lr" 


-|l/2 


dll 


By [MR08, Thm. 1.1], the second expectation on the right hand side con¬ 
verges to a bounded quantity, so we are done if we can show that the square 
root of the first is of order for some e > q/2. An application of Ito’s 
formula gives 




ru 

I 1 /i? W /l, 'u) d My 

J u—h 


+ / Jq-2{Xu.H. U-K Vf d (M, M)^ . 


/ u—h 


Stochastic Fubini and Burkholder-Davis-Gundy yield that 


E 


coo cu 


' —oo J u— 


pu 

/ Jq-i{X^u — h^v)Jq-2{X^u — h^v)dMydu 

J u—h 

pv-\-h 

/ Jq-i{X^u — hjv)Jq-2{X^u — hjv)dudM^ 

J V 

a v+h \ 2 

Jq-i{X^u — h^v)Jq-2{X^u — h^v) duj 4L^ dt? 


poo pv-\-h 

t —oo JV 
poo / pv-\-h 


1/2 
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and several applications of deterministic Fubini and the Cauchy-Schwarz 
inequality further bound the preceding by 




1/2 




1/2 


Together with (25), we arrive at 


E 


(31) 


— oo Ju—h 


Jq-l{X, U — h, v)Jq- 2 {X, U — h,v)d My d u 






1/2 


Similarly, using Fubini, Jensen’s inequality and (25), we can show that 


E 


(32) 


' —OO J U—h 


Jq- 2 {X,U-h,vfd{M,M)^du 


<ch^+^\\mi-^, I \\m\2dv. 


Plugging (31) and (32) back into (30) yields that 


E 


sup 

\_X<Xq 


Jq.l{Xr^u.h.U- h,u) (l^ - dl 


1/2 


is of order concluding the proof. 


□ 


Lemma 3.7. Let Jq-i he defined with respect to the local martingale part Mx 
of the local time Lf and Xu{v) = f^Yxdx, where for some a > 0, (Er)a;eK 
is a uniformly bounded, almost surely a-Holder continuous stochastic process 
adapted to {Lf)x^R. Then, for any positive integer q > 2 and x GM, it holds 
that 


E 


(33) 




r Jq.fiXy_h,U-h,ufd{M,M)^ 

J —00 


22g+l rx 

( 9 + 1 )! J-c 


(LfrY^idu 


0 . 


Proof. Throughout the proof, the first argument of Jq-i will not change. Eor 
better readability, we will drop it and for example write Jq-i{u — h, u) instead 
of Jq-i{Xu-h-,u — h,u). As before, C and Cp denote positive constants, the 
latter depending on p, which might change from line to line. By Ito’s formula, 

Jq-i{u - h,u)‘^ = [ / Jq- 2 {u - h,v)dMy 

\j U—h 

pu 

= 2/ Jq_i{u-h,v)Jq- 2 {u-h,v)dMy 
J u—h 


pu 

+ / Jq-2{u 

J U—h 


h,vfd{M,M)^. 
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Recursively, this yields the identity 


Jq—iiu h,u) —2 ^ ^ Kj(JJj u h, ti) V, h,u), 


where 


pv 

Uh^V^Jq—2—j{u ,'U) d . 

J u—h 


Let us first show that, for 0 < j < q — 2^ 


(34) E J Kj{Uj^q_i^u-h,u- h,u)d{M,M)^ 0 


and then, in a second step, that 


r Kq.,{Xl_^,u-h,u)d{M,M)^ 

(35) ^ 22.+1 r 1 

as h —y 0. 

Step 1. It holds that |X^(u)| <C{v — u) and thus, by Lemma 3.5, 

(36) ||J,(u-/i,u)||^<C'ph'?/2+i||L*||g. 

Together with Burkholder-Davis-Gundy and Jensen’s inequality, this implies 
for p > 2 that 

\\Uj^q-l^ui-h{ui)\\p 

/ rui \ 1/2 

~ Ep ( / Jq—l—j{u\ /l, U 2 ) Jq—2—j{u\ /l, 112 ) Tj d U 2 j 

\j ui—h J 


< Cph^ p 


\Jq-l-j{ui - h,U2)Jq-2-j{ui - h,U2)\^ )P/2 ^ 


<Cph-^-p\\Lni^^ 


\Jq-l-j{ui - h,U2)\\lp \\Jq- 2 -j{ui - /l, U 2 ) ||^„ d U2 


^ '-'pll- Wl^fW^q + l-jp- 

Using this result, Jensen’s inequality and Lemma 3.5 gives 


E / Kj{Uj^q_i^u-h,u- h,u)d{M,M)^ 


= 4 / E[|iL,(C/,-,_i,„_;„u-/i,u)Lr|]du 


<cph^+^\\Li\\iti, r \\Ln2du, 

J —00 
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which shows that the expectation appearing in (34) is bounded. Before 
continuing to show that it actually vanishes in the limit, let us informally 
describe the technique we are going to use. It is an important observation 
that if instead of one of the local times inside of Kj or we 

would have encountered a difference of the form in the above 

calculations, where |a| < h, then the corresponding norm of LJ‘, appearing 
as a factor in the bound on the right hand side of (38) would instead be 
the norm of the increment and could thus be bounded by for any e E 
(0,1/2), increasing the order of the right hand side of (38) to Mutatis 

mutandis, the same argument is valid for the Holder continuous process 
Yu- By linearity of the (stochastic) integral, this reasoning allows us to 
replace L/-’ by L/-’ “ + (L/-’ - L/" “) and Yuj by Yu^-a + (Yuj - Yu^-a) at 
any place in the calculations above, at the cost of introducing a negligible 
summand. In what follows, we will make frequent use of this fact, in order 
to nudge the processes occuring in the iterations of Kj back in space and 
make them adapted to the Brownian motion driving the stochastic integral 
inside This enables us to iteratively apply the stochastic Fubini 

theorem and bring this Brownian motion to the very outside, effectively 
replacing the stochastic differential by a deterministic one and increasing the 
order of convergence by a factor of which suffices to conclude that (33) 
holds. Restating these arguments in a more rigorous way, we claim that for 
0 < J < (7 — 1, the L^-norms of the integrals 


(39) / Kj{Uj^g^u-h,u - h,u)d{M,M)^ 

J —OO 

/ X 

-CXD 

are of order for any £ E (0,1/2). To prove this claim for j = 0, 

note that 

/ X 

■OO 

/ X 

li-ui—dtii 

OO 

+ r Uo,q-i,u,-h{ui) (l/ 1 - dm. 

J — OO ^ ^ 


' —OO 

rx 


(40) 


For the first integral on the right hand side of (40), stochastic Fubini yields 

r Uo,q-l,u,-h{ui)Lt^-^ dui 
J —OO 

/ X PU\ 

/ Jq-i{ui - h,U2)Jq-2{ui - /i, U 2 ) ddm 

-OO JU\ —h 


/ Ul — 

rx p{u 2 +h)Ax 


f I 

J —OO JU 2 


Jq-i{ui - h,U2)Jq-2iui - h,U2)L^^ ^duidMu^. 
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A straightfoward application of the Burkholder-Davis-Gundy, Cauchy-Schwarz 
and Jensen inequalities, as well as Lemma 3.5, thus yields so that by Burkholder- 
Davis-Gundy and deterministic Fubini 


E 


'"dui 


= E 


l•(u2+h)/\x 


Jq{ui — h, U 2 )Jq-l{ui — h, U 2 )L^^ ^ d ttl d M, 


U2 


' —OO j U2 


<Cp/l2'?+3/2||^*||2g+3/2 / \ 


\ 1/2 


J 

To treat the second integral on the right hand side of (40), use Cauchy- 
Schwarz to get 


(41) E 




< E 


h / {UQ^q-l,ui-h{ui)f dui 


1/2 


E 


dm 


-, 1/2 


By [MR08, Thm. 1.1], the second expectation converges to a bounded quan¬ 
tity. Ito’s formula, applied to the integrand of the first, gives 

^0,q—1,111—ft (ill) 

= ( [ Jq-l{ui - h,U2)Jg-2{ui - h,U2)dMu2j 
\Jui—h J 

= 2 / Do,g_l,„i_/i(u2) Jq-l(ui - L, 112 ) Jg-2(lll - /l, 112)4/142 

J ui—h 

rui 

+ / Jq-l{ui-h,U2fjq-2{ui-h,U2fd{M,M) 

Jui—h 

= El + E 2 . 

By stochastic Eubini, we obtain that 

px pU2 + h 


U2 


E 


El diti 


= 2E 


pU 2 -\-ri 

/ Uo^g_i^ui-h{u2) 

Ju2 

Jq-i{ui - /i, 112)4-2(111 - /l,lt2) dltl d/lLuj 


L E —CXD J U2 


Thus, after straightforward application of Burkholder-Davis-Gundy and Jensen’s 
inequality, the estimates (36) and (37) yield the bound 


E 


El dill 




\\LT\\2dU2 


1/2 
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The same arguments also work for E 


E„(-u)du, 


so that we obtain 


E 


Vi dill 


< ||^*||2(g+r-2) 


(yjiipiijciu,) 


1/2 


Similarly, 


E 


E 2 drti 


< 114* 


||2<j+4r-3 

1125+2 


r \\LT\\^du2. 

j —00 


Plugged back into (41), we see that 


E 



h{ui){Lr-Lr-^)dui 


is of order concluding the proof for j = 0. To obtain the asymp¬ 

totic order of (39) for j > 1, we write 


(42) 


where 


' u\—h 


(wj+i)L“^+^ duj+i 


f u\—h 


'"du,+i + Rh, 


Rh= r Uj,g.i,u,-h{uj+i) '')duj+i. 

lui-h ^ '' 


Note that Rh, when plugged back into the integral (39), introduces a neg¬ 
ligible summand (see (38) and the arguments afterwards). The stochastic 
process 


Uj+2 


I-)- 


L 


Ujj^i—Uj-\-ui—h 


drtj+i , ui — h < rtj+2 < uj 


'Uj+2 


is by construction adapted to {Ruj+ 2 )ui-h<uj+ 2 <uj ^ ^/+i — Uj + ui — h < 
ui — h, where (4c)xelR denotes the filtration of the underlying probability 
space. Therefore, we can apply stochastic Fubini and get 


f ui—h 


TT / \ + J 


r^j+i 


f ui—h Jui—h 


Jq—l—ji^Ul hjUj-\-2)Jq—2—j{'^l ^ 7 + 2 ) 


rUn ruj 


LLj 


'"duj+i 

' duj+i 


' U\ —h J Uj j^2 

Jq—l—ji'^1 h^Uj-\-2)Jq—2—ji'^l Wj-l- 2 ) d • 
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Iterating this procedure of interchanging a deterministic and a stochastic 
integral at the cost of introducing negligible terms, we obtain that 


fUl fUj 

duj+i ... dlls 


' u\—h 


Jui—h 
nUl pU2 


/Wj+2 


Ju\—hJuj^2 '^'^j+2 


u 


'J2 


Uj+2 


+ Rhi 


where E Consequently, by another application of stochastic 

Fubini, 

/ X 

h',V2\)Li dtii 


f'X pUl 


f^Ui pU2 


f —OO J Ui—h J Ujj^2 '^j + 2 


■/ 


L 




Uj + 2 
i—U2+Ul—h 


d Uj+I . . . L“3-«2+nl-/^ ^ ^ 


(43) = 


/ 


Jq—l—ji^Ui hj'Uj-\-2)Jq—2—j{_'^l 't^_7-|-2) d d Ui 

+ Rh 

X p{uj^2-\-h)Ax pui pU2 rUj 


OO JUj ^2 


'Uj^2 '^^j+2 


'Uj^2 


^u,+,-u,+u,-h ^ _ ^u^-u2+u,-h ^ ^ ^ 


U 


•32 


Jq—\—j{u\ h,Uj-\.2)Jq—2—j{u\ h,‘Uj-\.2^L-^ d Ul d 

+ -R/l) 

where again, E From here, a tedious but straightforward 

application of Burkholder-Davis-Gundy, Jensen’s inequality and Lemma 3.5, 
in the same way as we have done to treat the case (? = 0, yields that the L^- 
norm of the iterated integral (43) is of order o(/i^'*“^'*“^) for any e E (0,1/2). 
Step 2. As |Ar^,j(u)| < C {v — u), Lemma 3.5 implies that 

and thus, by Fubini, 


E 


iL,_i(X2 ,u-h,u)d(M,M), 


= 4 / E[|iL,_i(x2„_;„n-h,n)Lr|]du 

J —OO 

<4 r ||iL,_i(x2„_„n-/i,ii)||j|L/||2d. 


<Ch^+^\\Ll\\l-^ 


|L/||2dw. 
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Reasoning as in Step 1, we see that replacing one of the local times inside Kq 
or Xr^u-h by a difference L“ —such that |a| < h has the effect of replac¬ 
ing one power of WL^W by h^, and consequently introducing an additional, 
negligible summand. To exhibit the asymptotic behaviour of 


r-Uq-2 fUq-l 


rui 
f u\ —h 


'u\—h Ju\—h \Jui—h 




d(M,M)„^d(M,M)„^_^...d(M,M) 


U2 


(44) = 4^ 


-1 


rui 


rUq -2 r^q-l 


'u\—h Jui—h Jui—h \Jui—h 


Ruq+l d Ug-|_l 


du„L“"-' duq-i ... du2, 


note that for two real numbers a and b, it holds that 

r 

k=l 


Thus, setting a = b = and exploiting the Holder continuity of Y, 

we can replace the innermost integral ^<j+i d in (44) by Y^^ (ug+i — 
ui + h), at the cost of introducing negligible summands. In formulas, up to 
negligible summands, the right hand side of (44) is equal to 


45-iy2 


/ ui—h 


• ui—h Jui—h 


{Uq+l-Ul+hfL^^‘^ dUqL^^‘^-^ dUq.l ...L^^dU 2 . 


Repeating this procedure, iteratively replacing ^, etc. and evaluat¬ 

ing the resulting purely deterministic integral, we see that 


^q—l{Yui_hiUl h,ui) 


22q-l 

Jq + ^- 


h^^\Lrr-^Yl+o{h^^^). 


Consequently 

^ j_^Kq_,iXl_f^,u-h,u)d{M,M)^ = j-^j^jL^rY^du+oil), 


concluding the proof. 


□ 


4. Main result 

We now have all necessary tools at our disposal to prove Theorem 1.2 
stated in the introduction. We will proceed in two steps. First, in the 
forthcoming Theorem 4.1, we will prove a limit theorem for a certain iterated 
integral, which, in the proof of Theorem 1.2, will turn out to be the leading 
term when applying the Kailath-Segall identity. 

Theorem 4.1. Let Mx be the local martingale part of Brownian local time 
Lf and Iq be the iterated integrals with respect to Mx- Then, for any integer 
q >2 it holds that 

h{q%/2 J Iqix,X + h)dx^ Cq^ {LffdxZ, 
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where Z ~ AA(0,1), independent of {Lf)x£S. o-nd the constant Cq is given by 

22<?+i^! 


— 


q+l 


Proof. By definition, we have that 


(46) 


{x,x + h)dx= / l(^x,x+h){u)Iq-i{x,u)dMud 
J —oo J —oo 


X. 


If we set 

(/)(x,n) = l(^x,x+h){u)Iq-l{x,u), 

then, by the deterministic Fubini theorem, Cauchy-Schwarz, Jensen’s in¬ 
equality and Lemma 3.5 (recall that Iq{x,y) = Jq{l,x,y)), 


E 


COO roo 

/ 4>{x,u)‘^ dxd{M,M) 

J —OO 

pu 

/ Iq-i{x,uf‘dxLf du 
Ju—h 


' —oo J —oo 


= 4E 

< 4 

< 4 

< C 


r *00 pu 


' —OO J u—h 


poo 

pu 

/ 

/ /g_i(x,tt)^ dx 

/ —oo 

J U—h 

poo 


/ 

/ /g_i(x,u)^dx 

/ —oo 

J u—h 


\Lf\\2du 


iLfhdu 


L“|| 2 dtt < oo. 


This shows that we can apply the stochastic Fubini theorem to the right 
hand side of (46) and also that 


/ OO 

(p{x,u)i 

-OO 


; d X d M„, 

' —OO J —OO 

is a square integrable martingale (which in particular posesses a limit). 
Therefore, we get 

^oo pui 

Iq-l{x,Ul)dMui dx 


Iq{x,x + h)dx = J 


— oo Jui—h 

OO pUi pUi 


Iq-2{x,U2)dMu2 dxdM, 


J — OO J u\ —h J X 

Iterating this procedure another q — 1-times, we obtain 


Ul • 


n Ui rUq-i pUq 

... / 

1 —h J u^ —h J u 


L 


—ooJui—h J ui—h J ui—h 


dxd Muq ... d Mu2 d 


— I hjU^dMuj 

J —oo 

where 

Xuiv) = V — u + h. 

By Lemma 3.5, the process {Mx)x>-ooi defined by 

~ ffq+l)/2 J Jq—l{^U7'>J‘~h,u)dMu 
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is a LP-bounded, uniformly integrable martingale for any h > 0, which van¬ 
ishes at —oo. Moreover, Lemma 3.6 yields that for xq > —oo 

sup -^0 

xE(—OD, iro] ' ' ^ 

and Lemma 3.7 shows that for x G M U {—oo, oo}, 

^ci r mydu, 

where both convergences hold in (and we define f_^ fi'^) drt = 0). Con¬ 
sequently, the asymptotic Ray-Knight Theorem 2.2 implies that 

(47) 4 c,^£jLfrdxZ 

for /i —)■ 0, where Z ~ AA(0,1), independent of {Mx)xeR (and thus also of 
{^t)xeR and the underlying Brownian motion). Indeed, if (3 and f3^ denote 
the Dambis-Dubins-Schwarz Brownian motions of M and M^, respectively. 
Theorem 2.2 yields that 

(/3,/3^(M^M^)) 4 j mrdu^ , 

where /3 is a standard Brownian motion which is independent of /?. Conse¬ 
quently, 

Letting x tend to infinity finishes the proof. □ 

We now turn to the proof of Theorem 1.2 from the introduction, which 
we restate here for convenience. 

Theorem 4.2. For integers q >2 it holds that 

Z, 

where Z is a standard Gaussian random variable, independent of {Lf)x£R, 
the random variable Rq,h is given by 

Rq,h = E - 4) (4 Lfdu^ d X 

and the constants Oq^k cind Cq are defined as 

(-l)V 

2'^k\iq-2k)\ 

Proof. Let Lf = Mx -|- 14 be the canonical semimartingale decomposition of 
Brownian local time (we suppress the dependence of the fixed parameter t for 
brevity) and Iq the iterated integrals with respect to the local martingale Mx ■ 
Throughout the proof, we use the shorthand notation Ig{x) = Iq{x,x -|- h), 
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A^Lf = — Lf and A^Vt^x = yt,x+h — Vt^x- By the binomial theorem 

and the fact that Mx+h ~ Mx = Ii{x), we get that 


(48) (Ajif)’ = (/'■(i) + AjVu)’ = ^ (h (4f(!■))’■'' 




As by Burkholder-Davis-Gundy 


/ i-x+h 

<Cp Uj L“d) 


l/2||ij-2fc 


\(q-2k)p 




and, writing A ^14 = Aud', 


A^V 


\Au\du 


f^-(q+k)/2-^\ A^Vx dx <00 


we see that 


Thus, all those summands in the sum on the right hand side of (48) for which 
/c > 1 do not contribute to the limit. To be more precise, it holds that 


A^Lf dx 


= [ (li{x)ydx + qf (li{x)y {A’;^Vx)dx +Ri^h, 

where converges to zero in LP for /i —)■ 0. The Kailath-Segall 

identity (15) and another application of the binomial theorem yields 

(50) 

q\Iq{x) - (/i^(x)) ^ ^ ag,fc (/i^(x)) ^ {d j L^du^ 




-2k / r^+h 


L“du 


= (5| £ I £ ai 
L 2-1’ 2 2 


L^du 


q—2k 

+ E E(-i) 


k=l j=0 


Ajif 




q-2k-j 


q — 2k 


A^xVt,x 


L^du , 


where = 1 if g is even and zero otherwise. By the Holder continu¬ 

ity property of the Brownian local time, A^Lf < for any e G (0,1/2). 
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Therefore, a similar argument as above shows that if we hrst multiply (50) 
by {LfY and then integrate on both sides, all summands in the double sum 
for which _l_ j > 2^^ Pe. for which j > 1 do not contribute to 

the limit. In formulas, we have 


(51) 

Iq{x)dx— / f/(^(x)j dx 

-oo J—oo ^ ' 



- ^ O-q.kYl - 2fc) 


k=\ 

(( 4 L^du^ dx 

+ R2,hi 



where converges to zero in LP for /i —)■ 0. Analogously, we 

derive that 


(52) 

/ oo roo , . q_i 

/y,W(Ajl4)<ia:-W (/fW) AlVALffdx 

-OO J—00 ^ '' 


= q 


1 2 ^ I 

L 2 J pc 

7,_1 C 


k=l 


KL^t 


q—l—2k 





k 

dx + Rs^h, 


where converges to zero in LP for /i —)• 0. If we now plug (51) 

and (52) into (49) and exploit the identity qaq-i^k — {q — ‘^k)ciq,k = 0 for q >2 
and 1 < k < (which can be shown by straightforward induction), we 

obtain that 



+ Rh, 


where converges to zero in for /i —)■ 0. By Theorem 4.1, the 

proof is finished if we can show that 


1 


/,^_i(x)A^Kdx4o. 


(53) 




—00 
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For = f^^Audu, we write 


(54) X(^/_ ^"-i(^)AXdx 


h(^ / 4-i(x)^.dx + 


/I /-+^ 

'-OC [h 


A., du — Ar\ dx 


For the first integral on the right hand side of (54), stochastic Fubini yields 
that 


1 /‘°° 1 


oo /^x-\-h 


Thus, by Burkholder-Davis-Gundy and Jensen’s inequality 


/ /q_2(x,M)dM„yla;dx 

J X 


Iq- 2 {x,u)Aa; dxdMu. 


h{q-l)/2 I 


pu 

/ /q_2(x,u)^2, dxdMu 

J u—h 2 


<C / E 




/q_2(x, rt)Aa; dx du 


-I ^OD 2 \ 

/ /g_2(x,u)A,rdx ||L“||2du 

' J—OO J u—h 4 / 


By Cauchy-Schwarz, Jensen and Lemma 3.5, it follows that 

/ U 

Iq-2{x,u)A^dx 


O r-u \ 1/2 / 

V2(x,u)2dx) I / 

U—h J \Ju—h 

pu 1/2 

< / /g_ 2 (x, tt)^ dx / 2 l^dx 

Ju—h 8 JU—h ^ 


< h 


|/q- 2 (x,u)||}gdx 




yl^ dx 


which, plugged into (55), yields 


Loo L-h 


Iq- 2 ix,u)A^dxdMu 


<C\\L 


*uiq-2)/2 

t II 29+2 


/ OD p 

-OO J u—h 


IlL^ILdu 
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and by the Vitali convergence theorem (see for example [Rud87, p.l33]), the 
integral on the right hand side converges to zero. 

Let us turn to the second integral on the right hand side of (54). By 
deterministic Fubini, 


E 




\h 


(56) 

Lemma 3.4 gives that 


< 


< 


f —OO 

roo 


Audu — Ax jdx 
" /Li(x) /I 


/j(q-l)/2 yh 

1 

h 


A, d u — An 


Iq-lix) 


/i(g-i)/2 

2 


rx-\-h 


A; d U — An 


dx. 






< 


rx-\-h 


(M,M), 




= 4(<?-i)/2 


2(g-i) 


1 


fX+h 


\h 

1 )/: 
Il2(q-1) 


L^du 


(g-i)/2 

2(<?-i) 


and the right hand side converges to 4^'^ A® by Lemma 2.5 

it holds that 

/ CXD 

II ra;||(g-l )/2 4 ™ ^ 

lAt Il2((j-1) CtX < OO, 

-CXD 

the Vitali convergence theorem implies that the integral on the right hand 
side of (56) converges to zero as well, concluding the proof. □ 

Remark 4.3. In the following, we continue using the shorthand A^Lf = 
1. For q = 2, Theorem 4.2 reads 

OD px-\-h 


1 / poo poo px-\-h 


d 


i/f/> 


f?dxZ, 


and as by Fubini and the occupation times formula 

/ CXD px-\-h poo pu 

/ L^dudx = 4: / dxL^du = 4:ht, 

■OO J X J—OO Ju—h 

we recover the second order result (1) from [CLMRIO]. 

2. For q = 3, Theorem 4.2 reads 

rx-\-h 




Ajif 


dudX 


AJi92/ {LffdxZ 


and as 


(57) 


AjLf 


rx+h 


dudx = lim 

n^oo 


d 

dx 


rx-\-h 


du] dx = 0, 
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we recover the third order result (2) from [Roslla]. 
3. For (7 = 4, Theorem 4.2 becomes 


(58) 


/l5/2 


/ oo 

-OD 


f'X+h 


d u d X 


+48 





^dxZ. 


Compared to Rosen’s Conjecture 1.1, we see that our compensator differs 
from the conjectured 


-24h 



(A^Lf)2Lfdx + 48h2 




dx. 


In view of (57), we would recover this conjectured compensator from (58) 
if we could replace the term ^ du by its limit Lf. However, as 

by the Mean Value Theorem 


1 

h 


rx-\-h 


nidu-u 


< 


for any e G (0,1/2), but be would need an order greater than to do 
the replacement, proving that our compensator is equal to the conjectured 
one (up to negligible terms) does not seem to be straightforward. 

4. It is natural to ask whether, as in the cases q = 2 and q = 3, a central limit 
theorem continues to hold for q > d. It turns out that this is equivalent to 
asking whether Rq^h can be replaced by its expectation in the statement 
of Theorem 4.2. Indeed, by inspecting the proof of Theorem 4.2, we see 
that the expectations of Rg^h and ~ dx have the same 

order of convergence. Furthermore, if q is odd, both of these expectations 
are zero by symmetry. Therefore, to obtain a central limit theorem for 
g > 4, one has to show for odd q > 5 that -A 0 and for even 

g > 4 that 

^(g+l)/2 ~ ^ 

Unfortunately, we have to leave this question open for further research. 


Our space approach allows to generalize Theorem 4.2 in several directions. 
For example, in view of Lemmas 3.6 and 3.7, a careful examination of the 
proof of Theorem 4.2 immediately yields the following result. 

Theorem 4.4. Let Lf he Brownian local time and, for some a > 0, let 
(Yx)x£R be a non-negative, uniformly bounded and almost surely a-Holder 
continous process which is adapted to (L/)a,g]R. Then, for integers q > 2, it 
holds that 


h 2 





Vr d X + Rt,h 


d 

—)■ 



{Lf)iY^dxZ, 


— OO 
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where Z is a standard Gaussian random variable, independent of ((Lf 



and the constants Oq^k Cq are given by (5). 

As an explicit example, one can take = {LfY for any r > 1. 

Generalizing in another direction, we can replace the time variable t, which 
is never touched in our proofs, with suitable stopping times r. A neces¬ 
sary condition for such a stopping time r is that (L*)j;gR admits a regular 
semimartingale decomposition (see [PY04, Section 3]) on some interval /, 
by which we mean the existence of a probability measure Q, a filtration 
and a (0a;(r), (5)-Brownian motion {/3x)xel such that Lf is a 
(^^.(r), (5)-semimartingale with canonical decomposition 

^ 3 , _ f -h 2 Jg" d/3u + Jq Ar,u du if x G / n M+ 

ifxG/nM_. 

Again, a careful reevaluation of the proof of Theorem 4.5 yields the fol¬ 
lowing set of sufficient conditions. 


Theorem 4.5. Let Lf be the local time of Brownian motion and t be a stop¬ 
ping time such that {LY)xeM. admits a regular semimartingale decomposition 
on some interval I with a finite variation kernel which satisfies 


\At^x\dx < oo 


and 



dx < oo 


for p > 1. Furthermore, assume that ||T*||p < oo forp > 1. Then, for any 
positive integer p > 2, it holds that 


^ " d X + Rq,h^ Acq^ I mi dx Z, 

where Z is a standard Gaussian random variable, independent of {Lf)x£'M., 
the random variable Rq^h is given by 

Rg,h = ^ - Lf )(^4 Lfdu^ dx 

and the constants Uq^k Cq are defined in (5). 

An example of a stopping time verifying the conditions of Theorem 4.5 
(with I = R_|_) comes from the Ray-Knight theorem (see [RY99, Ch. XI]): If 
we take 

To = inf {t > 0: > O} , 

then has a regular semimartingale decomposition on M+ with finite vari¬ 
ation kernel A^q^u = 0. Furthermore, {L^Yx>o is equal in law to to a squared 
Bessel process started in zero with dimension zero, and thus, for example 
by [YL05], we have that < oo. 
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